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Abstract. A finite von Neumann algebra A4 with a faithful normal trace r has 
Haagerup's approximation property (relative to a von Neumann subalgebra Af) if 
there exists a net ((p a )aeA of normal completely positive (A/"-bimodular) maps from 
M. to M. that satisfy the subtracial condition r o ip a < r, the extension operators 
T Va are bounded compact operators (in (A^,ejv)), and pointwise approximate the 
identity in the trace-norm, i.e., lim a | \cp a (x) — x\\% = for all x 6 M.. We prove that 
the subtraciality condition can be removed, and provide a description of Haagerup's 
approximation property in terms of Connes's theory of correspondences. We show 
that if M C M is an amenable inclusion of finite von Neumann algebras and M has 
Haagerup's approximation property, then A4 also has Haagerup's approximation 
property. This work answers two questions of Sorin Popa. 



1. Introduction 

A locally compact group G has the Haagerup property if there is a sequence of 
continuous normalized positive definite functions vanishing at infinity on G that con- 
verges to 1 uniformly on compact subsets of G. In |Halj . Haagerup established the 
seminal result that free groups have the Haagerup property. Now we know that the 
class of groups having the Haagerup property is quite large. It includes all compact 
groups, all locally compact amenable groups and all locally compact groups that 
act properly on trees. There are many equivalent characterizations of the Haagerup 
property. For instance, G has the Haagerup property if and only if there exists a 
continuous positive real valued function ip on G that is conditionally negative def- 
inite and proper, i.e., lim^oo if>(g) = (see [AW] ). Also the Haagerup property is 
equivalent to G being a-T-menable in the sense of Gromov (see [Grl[IGr2llBCVj . An 
extensive treatment of the Haagerup property for groups can be found in the book 
|CCJJVj . Studying the class of Haagerup groups has been a fertile endeavor. For 
example, the Baum-Connes conjecture is solved for this class (see |HK[ ITu] ) . 



The Haagerup property is a strong negation to Kazhdan's property T, in that 
each of the equivalent definitions above stands opposite to a definition of property 
T (see |CCJJVj ). A. Connes and V. Jones introduced a notion of property T for 
von Neumann algebras in terms of correspondences |CJj . Correspondences, as intro- 
duced by Connes (see |Colt ICo2l IPolj ). are analogous to group representations in 
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the theory of von Neumann algebras. Connes and Jones proved that a group has 
Kazhdan's property T if and only if the associated group von Neumann algebra has 
the Connes- Jones property T. Since property T has a natural analogue in the theory 
of von Neumann algebras, we may expect that the same should be possible for the 
Haagerup property. Such an analogue indeed exists, as Choda proved in |Ch] that 
a discrete group has the Haagerup property if and only if its associated group von 
Neumann algebra has Haagerup's approximation property first introduced in [HalJ: 
There exists a net (ip a )a£\ of normal completely positive maps from Ai to Ai such 
that (1) r o ip a (x*x) < r(x*x) for all x G Ai, (2) the extension operator T Va of <p a 
(see |Po2j or section 2.1 of this paper) is a compact operator in B(L 2 (Ai, r)) and (3) 
lim Q ||(^ a (z) — x\\2 = for all x € Ai. In |Po2j . Popa asked if condition (1) can be 
removed for all finite von Neumann algebras, and proved that if Ai is a non-r type 
Hi factor, then (1) can be removed. In this paper, we prove that (1) can be removed 
in general. 

This enables us to provide a description of Haagerup's approximation property in 
the language of correspondences. Suppose Ai is a finite von Neumann algebra with 
a faithful normal trace r and TC is a correspondence of Ai. By the Stinespring con- 
struction, if ip is a normal completely positive map from Ai to Ai, there is a cyclic 
correspondence of Ai associated to (p. Every correspondence of Ai is equivalent 
to a direct sum of cyclic correspondences associated to completely positive maps 
as above (see [Pol] ). We say that Tt is a Co-correspondence if Tt is equivalent to 
©agA^^, where each Ti ipa is the correspondence of Ai associated to a completely 
positive map ip a from Ai to Ai such that the extension operator T Va of (p a is a com- 
pact operator in B(L 2 (Ai, r)). By the uniqueness of standard representation up to 
spatial isomorphism(see |Ha2j ) . the above definition of Co-correspondence does not 
depend on the choice of r. In this paper, we prove that Ai has Haagerup's approxi- 
mation property if and only if the identity correspondence of Ai is weakly contained 
in some C -correspondence of Ai. We also show that if Ai has Haagerup's approx- 
imation property, then the equivalent class of Co-correspondences of Ai is dense in 
Corr(A^), the set of equivalent classes of correspondences of Ai. 

In recent breakthrough work, Popa has combined relative versions of property T 
and Haagerup's approximation property to create "deformation malleability" tech- 
niques to solve a number of old open questions about type Hi factors (see [Po2[IIPP] ). 
In |Po2j . Popa asked the following question: If Af C Ai is an amenable inclusion of 
finite von Neumann algebras and Af has Haagerup's approximation property, does 
Ai also have Haagerup's approximation property? Recall that an inclusion Af C Ai 
of finite von Neumann algebras is amenable if there exists a conditional expectation 
from the basic construction (Ai, e_\f) onto Ai (see |Polj ). This question is motivated 
by the analogous known result for groups: If G is a subgroup of a discrete group 
Go, and G is co-F0lner in Go in the sense of Eymard |Ey| , then whenever G has 
the Haagerup property so does G . A proof of this result can be found in |CCJJVj . 
The condition that G is co-F0lner in Gq in the sense of Eymard is equivalent to the 
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amenability of the functorial inclusion L(G) C L{Gq) of group von Neumann alge- 
bras [Po2] . 

In [Jolij . Jolissaint proved that if the basic construction {JA,e//) is a finite von 
Neumann algebra and TV has Haagerup's approximation property, then M. also has 
Haagerup's approximation property. An affirmative answer to Popa's question for 
group von Neumann algebras is found in the work of Anantharaman-Delarochc [ADJ. 
Anantharaman-Delaroche proved that the compact approximation property is equiv- 
alent to the Haagerup approximation property in the group von Neumann algebra 
case. Recall that a separable finite von Neumann algebra Ai has the compact ap- 
proximation property [ADJ if there exists a net (<f) a )aeA of normal completely positive 
maps from M. to M. such that for all x G M. we have \\m a <p a {x) = x ultraweakly and 
for all £ G L 2 (Ai) and a G A, the map x \— > (f) a (x)£ is a compact operator from the 
normed space M. to L 2 (Ai). Anantharaman-Delaroche proved that if M C Ji4 is an 
amenable inclusion and M has the compact approximation property, then M. must 
have the compact approximation property. Using properties (2) and (3) in the above 
definition of Haagerup's approximation property Anantharaman-Delaroche proved 
that Haagerup's approximation property implies the compact approximation prop- 
erty. It follows that if M C J\A. is an amenable inclusion and M has Haagerup's ap- 
proximation property, then M. also has the compact approximation property. Popa's 
question is then answered by appealing to the above result of Choda to establish 
that for group von Neumann algebras the compact approximation property implies 
Haagerup approximation property. 

In this paper, we also answer Popa's second question affirmatively for all finite 
von Neumann algebras. Our description of Haagerup's approximation property in 
the language of correspondences plays a key role in the proof. The layout of the rest 
paper is as follows: 

2. Preliminaries 

3. Removal of the subtracial condition 

4. Co-correspondences 

5. Relative amenability and Haagerup's approximation property 

The first author wishes to express his deepest thanks to Paul Jolissaint and Mingchu 
Gao for carefully reading an early version of this paper. 

2. PRELIMINARIES 

2.1. Extension of completely positive maps to Hilbert space operators. Let 

M. be a finite von Neumann algebra with a faithful normal trace r, and Qm be the 
standard trace vector in L 2 (A4, r) corresponding to 1 G M.. For x,y G M, (xfl, yVl) T 
is defined to be r(y*x) and ||x||2, T = t(x*x) 1//2 . When no confusion arises, we simply 
write Q instead of VLm, and ||x||2 instead of ||x||2, T - 
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Suppose <p is a normal completely positive map from Ai to Af . Recall that if there 
is a c > such that ||<£>(x)|| 2 < c\\x\\2 for all x G Ai, then there is a (unique) bounded 
operator T v on L 2 (Ai, r) such that 

T v (xQ) = ip(x)n Vx G AI 

is called the extension operator of if. If t o (p < cqt for some Cq > 0, then 
H^t^Olh < Co ||<^(1) || 1 ' 2 || rr; (1 2 (see Lemma 1.2.1 of [Po2| ) and so there is a bounded 
operator T v on L 2 (Ai, r) such that T v (xfl) = <p(x)fl for all x G Ai. 

2.2. The basic construction and its compact ideal space. Let be a finite 
von Neumann algebra with a faithful normal trace r, and Af a von Neumann subalge- 
bra of Ai. The basic construction (Ai, ej^) is the von Neumann algebra on L 2 (Ai, r) 
generated by Ai and the orthogonal projection e_/v from L 2 (Ai,r) onto L 2 (Af,r). 
Then (Ai,e^f) is a semi- finite von Neumann algebra with a faithful normal semi- 
finite tracial weight Tr such that 

Tr(xej^y) = r(xy), Vx, y <E Ai. 

Recall that (Ai,e_v) = JAf'J, where J is the conjugate linear isometry defined 
by J(xQ) = x*Q, Vx G Ai. The compact ideal space of (Ai, e^f), denoted by 
J((Ai, ejv)), is the norm-closed two-sided ideal generated by finite projections of 
(Ai, ej*j). Since is a finite projection in (Ai, ej^), it follows that e^f G J((Ai, e^)). 
We refer the reader to [Jol IPo2] for more details on the basic construction and its 
compact ideal space. 

2.3. Correspondences. Let Af and Ai be von Neumann algebras. A correspon- 
dence between Af and Ai is a Hilbert space Ti with a pair of commuting normal 
representations irj\f and tt M o of Af and Ai° (the opposite algebra of AI) on Ti, re- 
spectively. Usually, the triple {Ti, ttj^, n^ ) will be denoted by Ti. For x G Af, y G Ai 
and £ G 7i, we shall write x£y instead of vta^x)^.^ (?/)£. For two vectors £, r\ G 7Y, we 
denote by (i,^)-^ the inner product of vectors £ and r/. If A/ = Ai, then we simply 
say Ti is a correspondence of Ai. 

Two correspondences 7i, /C between Af and Ai are equivalent, denoted by Ti = K, 
if they are unitarily equivalent as Af — Ai bimodules (see [Pol| ). 

2.4. Correspondences associated to completely positive maps. Let AI be 

a finite von Neumann algebra with a faithful normal trace r, and ip be a normal 
completely positive map from Ai to Ai. Define on the linear space Tio = Ai <E> Ai 
the sesquilinear form 

(xi ®yi,x 2 ®y2)<p = T((p(x* 2 xi)yiyl), Vx x , x 2 , yi, y-i G Ai. 

It is easy to check that the complete positivity of ip is equivalent to the positivity 
of (•, •) lfi . Let Tip be the completion of Tio/ ~, where ~ is the equivalence modulo 
the null space of (•, -) 9 in Tio- Then Ti^ is a correspondence of Ai and the bimodule 
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structure is given by x(x\ ®y\)y = xx\ ®y\y (see |Polj ). We call TL V the correspon- 
dence of Ai associated to (p. 

The correspondence 7i id associated to the identity operator on Ai is called the 
identity correspondence of Ai. It is easy to see that TLid and L 2 (Ai, r) are equivalent 
as correspondences of Ai. The correspondence TL co associated to the rank one normal 
completely positive map <p(x) = r(x)l is called the coarse correspondence of Ai. If 
Af is a von Neumann subalgebra of Ai and Ej^ is the unique r-preserving normal 
conditional expectation from Ai to Af, then the correspondence of Ai associated to 
Etf is denoted by Ti^ instead of TLe^- 

2.5. Left r-bounded vectors. Let Af,Ai be finite von Neumann algebras with 
faithful normal traces tjv and tm, respectively, and H be a correspondence between 
Af and Ai. Let £ G TL be a vector. Recall that £ is a Ze/t (or ng/if) r-bounded vector 
if there is a positive number K such that (£, < Kr M (x) (or < Kt^-{x), 
respectively) for all x G A/+ (or x G -M + , respectively). A vector £ is called a r- 
bounded vector if it is both left r-bounded and right r-bounded. The set of r-bounded 
vectors is a dense vector subspace of TL (see Lemma 1.2.2 of |Polj ). 

2.6. Coefficients. Let Af,Ai be finite von Neumann algebras with faithful normal 
traces r^ and t m , respectively, and TL be a correspondence between Af and Ai. For 
a left r-bounded vector £, we can define a bounded operator T : L 2 (A^,r^) — > 
by T{i/VLm) — ^y f° r every y E Ai. Let ^(x) = T*7ijy(x)T, where itn(x) is the left 
action of a; G A/" on 7i. Then is a normal completely positive map from A/" to Ai 
(see 1.2.1 of |Polj ). is called the coefficient corresponding to £, which is uniquely 
determined by 

(1) {^£,i,x)yVL M ,zVt M ) TM = {xiy,iz) H 

for all x G Af and y, 2 G Ai. Therefore, 

= <^fpOn } i e ; rM ($ e ( x ) y ) = (z&/,Ow, Wx e Af,y e Ai. 

If Af = Ai, r^f = r M , and a; > 0, 

^(^(x)) = (<5>(:(x)Q M ,Q M ) T = (x£,0h < Kt m {x). 

By Lemma 1.2.1 of |Po2j . can be extended to a bounded operator T$ from 
L 2 {M,t) to L 2 {M,t). 

It follows by a maximality argument that TL is a direct sum of cyclic correspon- 
dences associated to coefficients as above. 

2.7. Composition of correspondences. Suppose Ai,Af,V are finite von Neu- 
mann algebras, and Tp is a faithful normal trace on V. Let TL be a correspondence 
between A/" and P and /C be a correspondence between V and A^f . Let TL' and /C' be 
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vector subspaces of the r-bounded vectors in Ti and K, respectively. For £1, £2 G Ti' 
and 77! , rj 2 G /C', 

(£1 ® Vi, 6 ® = (&P, 6)w = (?»7i> ^2)*; = r P (gp) 
defines an inner product on W ® /C', where p and g are Radon- Nikodym derivatives 
of normal linear forms V 3 z — > (zT]i,r]2)ic and V 3 z ^ (£iz, £2)7* with respect 
to the trace r-p, respectively (see |Polj ). The composition correspondence (or the 
tensor product correspondence) Ti <8> /C is the completion of TV ® /C'/ ~, where ~ is 

the equivalence modulo the null space of (-, ■) in W <g> KJ , and the N — M. bimodule 
structure is given by x(£ <g> rj)y = x£ <g> r\y. It is easy to verify that the composition 
of correspondences is associative. 

2.8. Induced correspondences. A very important operation in various represen- 
tation theories (e.g. for groups) is that of inducing from smaller objects to larger 
ones. We also have such a concept equally important to the theory of correspon- 
dences. Let Ai be a finite von Neumann algebra with a faithful normal trace r and 
M a von Neumann subalgebra. If Ti is a correspondence of Af, then the induced cor- 
respondence by Ti from M up to M is Ind^ 1 (Ti) = L 2 (M ,r)®Ti®L 2 (M , r) , where 

Af Af 

the first L 2 (M) is regarded as a left M. and right H module and the second L 2 (M) 
is regarded as a left M and right M. module. If Ti is the identity correspondence of 
M , then lndj^(Ti) is the correspondence Tij^ of .M(see Proposition 1.3.6 of |Polj ). 

2.9. Relative amenability. Let Ti, JC be two correspondences between M and A4. 
We say that Ti is weakly contained in /C, if for every e > 0, and finite subsets E C A/", 

^ M-i {£1, " " " 5 £n} Q Ti, there exists {rji, ■ ■ ■ , rj n } C /C such that 

Ka&3/,£j)« - (xviy,Vj)n\ < e, 

for all x G £7, y G F and 1 < z,j 1 < n. If Ti is weakly contained in K,, we will 
denote this by Ti -< /C. We refer the reader to |CJ[ IPolj for more details on weak 
containment and topology on correspondences. 

Let A4 be a finite von Neumann algebra with a faithful normal trace r, and A/" a 
von Neumann subalgebra. Recall that M. is relative amenable to M if Tiid -< Ti^. 
The algebra A4 is relative amenable to M if and only if there exists a conditional 
expectation from the basic construction (A4,ej^) onto M. (see |Polj ). 

3. Removal of the Subtracial Condition 

The following definition is given by Popa in |Po2j . 

Definition 3.1. Let M. be a finite von Neumann algebra and M a von Neumann 
subalgebra. A4 has Haagerup 's approximation property relative to M if there exists a 
normal faithful trace r on A4 and a net of normal completely positive A/"-bimodular 
maps {f a }aeA from A4 to A4 satisfying the conditions: 
1. t o (p a < t, \/a E A; 
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2. T<p a G J((M, ejv)), Va G A; 

3. lirn Q ||y a (a;) — :r|| 2 = 0, Va; G 

In |Po2j (Remark 2.6), Popa asked if the condition 1 in Definition 13.11 can be re- 
moved or not (see Remark 2.6 of |Polj ). In this section we give an affirmative answer 
to Popa's question. Precisely, we will prove the following theorem. 

Theorem 3.2. Let M. be a finite von Neumann algebra with a faithful normal trace 
t and M a von Neumann subalgebra. Suppose {ip a }aeA is a net of normal completely 
positive M-bimodular maps from M. to A4 satisfying the conditions 2 and 3 as in 
definition \3.1\ i.e. lim Q ||(^ a (x) — x\\ 2 = for all x G Ml and the map xfl — > ip a (x)Q 
extends to a bounded operator T Va in J~((Ml,ej\f)) for every a G A. Then there 
exists a net {tpp}p^v °f normal completely positive M-bimodular maps from Ml to Ml 
satisfying 

V. ^(1) = 1 and to^ = t, V/? G T; 
2'. T^eJ((M,e M )),\/(3eT; 
3'. lim^ \\ipp(x) - x\\ 2 = 0, Vx G Ml. 
In particular, Ml has Haagerup 's approximation property relative to M. 

The ideas of the proof of Theorem 13.21 are from Lemma 1.1.1 of |Po2] . Day's trick 
[DaJ, and Proposition 2.1 of [Joli] . The following lemma is 2 of Lemma 1.1.1 of |Po2j 
with a minor change. For the sake of completeness, we include the proof. 

Lemma 3.3. Let ip be a normal completely positive M-bimodular map from Ml to 
Mi. Let a = 1 V ip{l) and (f'(-) = a~ l l 2 ip(-)a~ l l 2 . Then ip' is a normal completely 
positive M-bimodular map from Ml to Ml and satisfies ip'(l) < 1, t o ip' < t o ip and 
the estimate: 

\\f'(x) - x\\ 2 < \\(p(x) - x\\ 2 + 2\\<p(l) - 1|| 2 /2 ■ \\x\\, Vx G Ml. 

Proof. Since a G M' PI Ml, ip' is A/"-bimodular. We clearly have <p>'(l) < 1. Since 
a~ l < 1, for x > we get r(ip'(x)) < r(<p(x)). Also, we have: 

\\<p'(x) -x\\ 2 < \\a- 1/2 (p{x) - x)a- 1/2 \\ 2 + ||cT 1/2 a;a" 1/2 - x\\ 2 

< ||v9(x)-x|| 2 + 2||a- 1/2 -l|| 2 - 
By the Powers-St0rmer inequality (also see Proposition 1.2.1 of |Co3j), 

II -1/2 ill ^ || -1 1 1 1/2 I, -i -111 1/2 

\\a 1 — X 1 1 2 < \\a — l\\i = \\a — aa \\± 

^ II 1 ll 1 / 2 !! —Ill 1/2 ^ II i+\ -i II 1/2 

Thus, 

W(x) - x\\ 2 < \\<p{x) - x\\ 2 + 2\\<p{l) - 1|| 2 /2 • ||x||. 

□ 

Lemma 3.4. Let ip be a normal completely positive M-bimodular map from M to 
M such that <p(l) < 1. Let b = 1 V (dr o 0/dr) and <p'(-) = ^(fe" 1 / 2 • b- 1 / 2 ). Then 
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if' is a normal completely positive M-bimodular map from A4 to A4 and satisfies 
< ^(1) ^ 1; r ° V 9 ' ^ r ^ e estimate: 

\\ip'(x) - a:||| < 2||^(x) - x|| 2 + 5||r o <p - r|| 1/2 • \\x\\, Vx G AL 

Proof. Note that ||r o — r|| = \\dr o ip/dr — l||i and ||6 — l||j < ||dr o Lp/dr — l||i. 
Now Lemma 13.41 follows simply from 3 of Lemma 1.1.1 of [Po2j . □ 

Lemma 3.5. Let if be a normal completely positive M-bimodular map from M. to 
A4 such that y?(l) < 1 and r o ip < t. Let h = <£>(1) and k = dr o tfi/dr. Then 
< h, k < 1, h, k G Af' n M, and E M {h) = E N (k). 

Proof. It is easy to see that < h, k < 1 and h,k e M. Since <p is A/"-bimodular, 

bh = b(p(l) = (p(b) = <f(l)b = hb, V6 G TV. 
Note that for all x G A4 and b & Af, 

r(x(bk — kb)) = r(xbk) — r(bxk) = r(<f)(xb)) — r(<j)(bx)) 
= r((j)(x)b) - r{b(f>{x)) = 0, 

and 

r{E N {h)x) = T(hE N (x)) = T{<p{l)E M {x)) = r(ip{E N (x))) 
= T{E N {x)k) = r(xE N (k)) = T(E M (k)x). 
Hence, bh = hb and Ej^-(h) = E_^(k). □ 

Lemma 3.6. Let ip be a normal completely positive Af -bimodular map from AA to AA 
such that 93(1) < 1 — e for some e > and roip < r . Let h = <p(l) and k = dro^/dr. 
Then there exist positive operators a,b G Af' fl AA such that 

1 — h = aEj^(b) and 1 — k = Ej^(a)b. 

Proof. Let b = 1 — k. By Lemma [3.51 b is a positive operator in Af' fl AA and 

E N {b) = 1 - E M {k) = 1 - E M {h) = E N {1 - h). 

Since h < 1 — e, 1 — h > e and therefore Ej^(l — h) > e. Hence (E/j-(l — h)) -1 exists. 
For all b G Af, by Lemma I3.5[ 

bE N {l -h) = E N {b{\ - h)) = - h)b) = E N {1 - h)b. 

Hence, E N {l-h) G AfnAf' and (E^l-h))' 1 G AfnAf'. So a = {l-h){E N {l-h)Y l 
is a positive operator in Af' fl A4. Since E^{b) = Ejy(l — h), it is routine to check 
that 1 — h = aE_tf(b) and 1 — k — Ej^f(a)b. □ 

Proof of Theorem \3. 6 A Let a a = l\/ip a (l) and <p' a (-) = a^^^a^) ^ 1 ^ 2 - By Lemma I3T31 
{(p' a } a satisfy the condition 3' in Theorem 13.21 and (p' a {l) < 1 for every a G A. 
By Lemma [331 T^ a = a^ 1/2 Ja^ 1/2 ' JT, Pa G (M,ej^). Sinc e T Va G J((M,e^)), 
T^ a G J{{M,ex)) for every a G A (see Lemma 1.2.1 of [Po2j ). 

Let f a = ro(p' a . Then {/ Q } ae A ^ A4#. Since lim a ||<^q(x) — a: || 2,-7- = for every 
x in A4, \im a f a (x) = r(x) for every x G A4. Since is the dual space of A4#, 
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this implies that lima f a = r in the weak topology on M#- Since the weak closure 
and the strong closure of a convex set in Ai# are the same, r is in the norm clo- 
sure of the convex hull of {/ a } QeA . Note that r o (XT=i ^»,}p' a J = J2i=i ^aj ai - By 
taking finitely many convex combinations of {<p' a } a eA, we can see that there exists 
a net {V^j^ser of completely positive A/-bimodular maps from M. to M. satisfying 
the conditions 2' and 3' in Theorem 13. 2} ipg(l) < 1 for all /3 G T and the following 
condition: linig \\g'g — r||i = for g'g = r o 

Let b'p = 1 V (d^/dr) and ^(-) = ^((fy)" 1 ' 2 ■ %y 1/2 ). By Lemma[321 
is a net of completely positive A/-bimodular maps from M to M, and satisfies 
3' in Theorem 13.21 ^g(l) < 1 and r < r for all j3 6 T. By Lemma 13.51 

T„» = T^b'f l ' 2 Jb'f l ' 2 J G (A4,e^->. Since T % G J((M,e M )), G J((M,e„)) 
for every /3 G V. 

We may further assume that — 1 — e /3> e /3 > 0- Otherwise we can choose a 

net of positive numbers A^ with < \p < 1 and lim^ A^ = 1 and consider A^ • ijj'L 
Let hp = ippiX) and kp = dr o ip'^/dr. By Lemma [5TBI there exist positive operators 
a/3, 6^ in A/ 7 fl A4 such that 1 — hp — apEj^ibp) and 1 — kp = Ej^(ap)bp. 

For every (3 G T, define ^ : A4 — > A/f by 

^(x) = ^(x) + apEx(bpx). 
Clearly, every ipp is a normal completely positive AZ-bimodular map. We have 

^(1) = + «/3^(^) =^ + 1-^ = 1, 

and 

r(^p(x)) = T(4)p(x)) + T{apEx(bpx)) = r(xA; /9 ) + T{Ej^{ap)bpx) 
= r(kpx) + r((l — fcg):r) = r(x). 
This proves that {ipp}p e r satisfies the condition 1' of Theorem 13.21 

Note that T^ g = T^> + ape^bp. Since G J((M,ej^)), T^ G J((M,ej^)) for 
every /3 G T. This proves that {^l^er satisfies the condition 2' of Theorem 13.21 

Finally, for every positive operator x in Ai, 

ipp(x) - ipp(x) = apEx(bpx) < \\x\\apE^(bp) = \\x\\(l - hp) = \\x\\(l - 4>p(l)), 

which shows that {ipp}p e r satisfies the condition 3' of Theorem 13.21 □ 

Let t' be another faithful normal trace on A4. Then A4 C B(L 2 (A4, r')) is in the 
standard form in the sense of Haagerup [Hal] . Since the standard representation of 
a von Neumann algebra is unique up to spatial isomorphism (see [Ha2j), the above 
arguments indeed prove the following stronger result, which implies that the notion 
of "relative Haagerup property" considered by Boca in [Bo] is same as Definition 13.11 
given by Popa. 
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Corollary 3.7. Let Ai be a finite von Neumann algebra with a faithful normal trace 
r, andAf a von Neumann subalgebra. Suppose {(p a } a€ A is a net of normal completely 
positive M -bimodular maps from Ai to Ai satisfying the conditions 2 and 3 as in 
definition \3.1\ i.e. lim a ||</? a (:r) — x\\2. T = for all x G Ai and the map xQ — > 
ip a (x)Q extends to a bounded operator T lfla in iT((Ai,ej^)) for every a G A. Then for 
every faithful normal trace r' on Ai, there exists a net {ipp^per of normal completely 
positive N -bimodular maps from Ai to Ai satisfying 

V ipp(l) = 1 and r' o fa = t', V/3 G T; 
2' T^ s G J((M, ex)), V/3 G Y; 
3' lirng \\ipp(x) - x\\ 2 , T > = ; Vx G AI 
In particular, the relative Haagerup property does not depend on the choice of 
faithful normal trace on Ai . 

4. Co-CORRESPONDENCES 

We now show that Theorem 13.21 enables us to interpret Haagerup's approximation 
property in the framework of Connes's theory of correspondences. Suppose is a 
finite von Neumann algebra with a faithful normal trace r and TC is a correspondence 
ofM. 

Definition 4.1. We say that TC is a Co- correspondence if TC = @aekTL Va1 where each 
TC LPci is the correspondence of Ai associated to a completely positive map <p a : Ai — ► 
Ai such that the extension operator T lfla of (p a is a compact operator in B(L 2 (Ai, r)). 

Remark 4.2. By the uniqueness of standard representation up to spatial isomor- 
phism(see [Ha2j), the definition of Co-correspondence does not depend on the choice 
of r. 

Remark 4.3. The coarse correspondence TC co of Ai is a Co-correspondence. By 
Proposition 1.2.5 of |Po2j . a sub-correspondence of a Co-correspondence (e.g., the 
coarse correspondence) is not necessarily a Co-correspondence. Let TCc be the direct 
sum of all Hp such that each TC V is the correspondence of Ai associated to a com- 
pletely positive map ip : Ai — > Ai with the extension operator T v of ip being a com- 
pact operator in B(L 2 (Ai, r)). Then TCc is called the maximal Co-correspondence 
ofM. 

Remark 4.4. Let G be a discrete group, and 7r be a unitary representation of G 
on a Hilbert space TC. Then tt is unitarily equivalent to a direct sum of cyclic 
representations 7Tf a of G, where each 7if a is the representation associated to a positive 
definite function f a on G. Recall that the representation tt is a Co-representation if 
all matrix coefficients uj^ tV (g) = (^(g)^,!]) belong to Cq(G). It is easy to check that 
tt is a Co-representation if and only if every f a G C (G). By [HaTj ICh] . for every f a , 
there is a unique normal completely positive map ipf a from the group von Neumann 
algebra L{G) to itself satisfying <Pf a (L g ) = f a (g)L g , where L g is the unitary operator 
associated to g. By Lemma 1 and Lemma 2 of [ChJ, f a is in Cq(G) if and only if 
the extension operator T v . of <pf a is a compact operator in B(L 2 (G)). Hence, the 
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correspondence T~Cip fa of L(G) associated to ipf a is a Co-correspondence of M.. So our 
definition of Co-correspondence of finite von Neumann algebras is a natural analogue 
of the notion of Co-representation of groups. 

The following theorem is the main result of this section. 

Theorem 4.5. A finite von Neumann algebra (A4, r) has Haagerup's approximation 
property if and only if the identity correspondence of M. is weakly contained in some 
Co- correspondence of A4. 

To prove the above theorem, we need the following lemmas. 

Lemma 4.6. Let ip be a normal completely positive map from A4 to A4 such that the 
extension operatorT v of if is a compact operator in B(L 2 (A4, r)). Let £ = Yj7=i a i® b i 
be a vector in the correspondence H.^ of M. associated to (p. Then £ is a left r-bounded 
vector and the coefficient corresponding to £ is a normal completely positive map 
from M. to M. such that T$ is a compact operator in B(L 2 (Ai,r)) . 

Proof. To see £ is a left r-bounded vector, we may assume that £ = a®b. Then 

||£sc|L = = (a <£> (bx),a® (bx)) v = r(<f(a*a)bxx*b*) = r(x*(b*{p(a*a)b)x) 

< \\b*ip{a*a)b\\r(x*x) = \\b*ip(a*a)b\\\\x\\ 2 2 . 

Hence is a normal completely positive map from M. to M.. For every x,y,z G A4, 
by equation (1) in section 2.6, 

n 

($t(x)yQ, zVt) T = (x£y, iz)^ = ^ ( xa i ® b iV' a i ® b i z )v 

n n 
i,j=l i,j=l 

This implies that = Ylij=i b i l P( a i xa j) b j- Hence, can be extended to a 

bounded operator from L 2 (A4, r) to L 2 (A4, r) such that 

n 

T$ £ = b \J b )JT^a*Ja)J. 

Since T v is a compact operator, T$ is also a compact operator. □ 

Lemma 4.7. Let be the convex hull of the set of coefficients $g as in Lemma \4.6[ 
Then J 7 is a convex cone and for every b G M. and $ G T , the completely positive 
map &*$(•)& belongs to T . Furthermore, T$ is a compact operator in B(L 2 (Ai,r)) 
for all $ G T. 

Proof. It is obvious that T is a convex cone. To prove the rest, we may assume 
that $ = is the coefficient corresponding to £ G ri^ as in Lemma 14.61 Let 
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77 = £o = Y^7=i ai ® bib ^ H- By Lemma fl~6l 77 is a left r-bounded vector. Let $> v be 
the coefficient corresponding to 77. By equation (1) in section 2.6, 

($> v {x)yn,zQ) T = (x£by,£bz) v = ($(x)byQ,bzQ) T = (b*$>(x)byQ, zQ) T . 



This implies that = o*$o. Hence o*$5 G JF. By Lemma [4.61 T$ is compact. □ 

Lemma 4.8. Let Ai be a finite von Neumann algebra with a faithful normal trace 
r, and H, /C be two correspondences of Ai. Suppose £ G 7i and 77 G /C are iwo /e/t 
r-bounded vectors, and are i/ie coefficients corresponding to £, 77, respectively. 

Then £ ©77 is also a left r-bounded vector and $5 + $^ is t/ie coefficient corresponding 
to £©r, G W©/C. 

Proof. It is clear that £ + 77 is a left r-bounded vector. By equation (1) in section 2.6, 
+ $„)(x)?A ^fi) T = (x£y, £z) H + (xt7w, 7]z) K = (x(£ © 77)7/, (f © ^MeK 

= (($ f+fl (a:)yfi, zfi) T . 

Hence $ 5+J? = $ € + $ ?) . □ 

Note that in the proof of Lemma 2.2 of [AH] , if we replace the arbitrary positive 
normal form (on line 10 of page 418) by an arbitrary weak operator topology 
continuous positive form, then the following lemma follows. 

Lemma 4.9. Let ^ be a normal completely positive map from Ai to Ai. If ^ is 

in the closure of JF in the pointwise weak operator topology. Then there exists a net 
{$ a } ae A in F such that $ a (l) < ^(1) for all a G A, which converges to ^ in the 
pointwise weak operator topology. 



Proof of Theorem\4.5\ Suppose first that Ai has Haagerup's approximation prop- 



erty. By Theorem 13.21 there is a net (<p a ) a eA of unital normal completely positive 
maps satisfying conditions (l')-(3') in Theorem 13.21 It immediately follows that the 
correspondence H = © a6A T~C<p a is a Co-correspondence of Ai which weakly contains 
the identity correspondence of Ai. 

Conversely, suppose that 7i is a Co-correspondence of Ai which weakly contains 
the identity correspondence of Ai. We may assume H = ©^gr?"^, with each tpp : 
Ai — > Ai is a normal completely positive map such that the extension operator 
of ipp is a compact operator in B(L 2 (Ai, r)). Since the identity correspondence of 
Ai is weakly contained in 7i, for every e > and every finite subset E of Ai, there 
exists a £ G TC such that 

I (x£y, iz) H - (xSly, tlz) T \< e, Vx, y,z G E. 

We may assume that £ = £1 © ■ • • © £„, where = Y^L\ a *i ® hi e H-vs-- Let 
be the coefficient corresponding to £. By Lemma 14.71 and Lemma 14.81 $g G JF. By 
equation (1) in section 2.6, 

\($((x)yQ,z&l)r ~ (xtly,{lz) T \ = \{x£y,£z) n - {xVty,Vtz) T \ < e, Vx,y,z G E. 
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This implies that there exists a net ($ a ')a'eA' of completely positive maps in T such 
that lim a / = x in the weak operator topology for every x E M.. 

By Lemma |4.9[ there is a net {<p a } a eA in J~ such that lim a (f a (x) = x in the weak 
operator topology for every x G Ai and <p a {l) < 1 for every a G A. Now given 
x G .M: 

| \<p a (x) — x\\ 2 = T((p a (x)*(f a (x)) + t(x*x) - 2Re T(x*(p a (x)) 

< \\(p a (l)\\r((p a (x*x)) + t(x*x) - 2Rer(x*(p a (x)) 

< r((p a (x*x)) + t(x*x) — 2Rer(x*ip a (x)). 

Since lim a tp a {x) = x in the weak operator topology for every x G M. it follows that 
lim Q r(ip a (x*x)) = t(x*x) and liniQ, r(x*(p a (x)) = t(x*x). Therefore lim a | \<p a (x) — 
x\\ 2 = 0. This proves that ((p a ) a is a net of completely positive maps that approxi- 
mate the identity pointwise in the trace-norm. Since ip a G J 7 , it follows that T^ a is a 
compact operator on L 2 (Ai,r). By Theorem 13. 2\ M. has Haagerup's approximation 
property. □ 

As an application of Theorem 14.51 we prove the following theorem. 

Theorem 4.10. If M. has Haagerup's approximation property, then the class of 
Co-correspondences of M. is dense in Corr(A / i). 

Proof. By section 2.6, it is clear that we need only to prove that every cyclic corre- 
spondence H,^ of Ai associated to a coefficient $ belongs to the closure of the set of 
Co-correspondences of M.. Since M. has Haagerup's approximation property, there 
is a net {(p a } a( z\ of normal completely positive maps of M., such that 

(1) (p a (l) = 1, Va G A, 

(2) T Va is compact, Va G A, 

(3) lim Q \\(p a (x) - x\\ 2 = 0, Vx G M. 

Hence, each T<$, oipa = T<$,T^ a is compact and lim a ||$ o ip a (x) — $(x)|| 2 = for every 
x G M. By Remark 2.1.4 of [Pol], H* <p a -> H*. □ 

Corollary 4.11. If M. has Haagerup's approximation property, then every corre- 
spondence of M. is weakly contained in TCc , the maximal Co- correspondence of M.. 

5. Relative Amenability and Haagerup's Approximation Property 

Popa asks the following question in l\>2j (see Section 3.5.2): If M C M. is an inclu- 
sion of finite von Neumann algebras and M has Haagerup's approximation property, 
does M. also have Haagerup's approximation property? The following theorem an- 
swers Popa's question affirmatively. 

Theorem 5.1. If M C M. is an amenable inclusion of finite von Neumann alge- 
bras and Af has Haagerup 's approximation property then M. also has Haagerup 's 
approximation property. 

To prove Theorem 15.11 we need the following lemmas. 
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Lemma 5.2. Let Af C AA be an inclusion of finite von Neumann algebras, and E^ 
be the normal r -'preserving conditional expectation of AA onto Af . IfH^ is the corre- 
spondence of Af associated to a normal completely positive map ip from Af to Af and 
T^-ipoEj^ is the correspondence of AA associated to the normal completely positive map 
(poEjsf from M to M, then lndff(K v ) = U^ e m - 

Proof. Denote by K = Ind#(ft) = L 2 (M) ® H v ® L 2 (M), where the first L 2 (M) 

Af Af 

is regarded as a left AA and right Af module and the second L 2 (AA) is regarded as 
a left Af and right AA module. Let £ G Ti^ be the vector corresponding to Q ® fl, 
which is a cyclic vector of TC V . Given Xi,x 2 ,yi,y2 £ AA, we have 

((si ® {£ <8> yi), a; 2 ® (£ ® Jfe))/c = ® 2/i)> 6 ® yi)H v ®L*(M), 

N 

where q E Af is the Radon-Nikodym derivative of Af 3 z i— > (xi-z, x 2 )l 2 (x) with 
respect to r^. Note that 

(xi2, x 2 )l2 (M ) = t(zx* 2 Xi) = t(zE n (x* 2 Xi)). 

Hence q = E^{x 2 Xi) and 

where p E Af is the Radon-Nikodym derivative of Af 3 z i— ► (22/1, V2)l 2 {m) with 
respect to r^. Note that 

y2)L*{M) = rizyiy^) = r(zE N {y l y*)). 

Hence p = Ej^(y 1 y 2 ) and 

((xx <8> (f ® 2/1), a; 2 ® (f ® 2/ 2 )}x; = (E^x^p, £) Hv = (E^x^E^yxy*), 0n v 
= T^E^xlxx^E^yxyl)) = T(^>(E M (x* 2 x 1 ))y 1 y* 2 ) = (x^y u x 2 £y 2 ) H ^ Ej ^. 

Therefore the map defined on simple tensors by {x\ ®(f)®x 2 1— > X\£x 2 extends to 
an .M-linear isometry from Indj^ (7^) onto H^oEm- ^ 

The proof of the following lemma is an easy exercise. 

Lemma 5.3. Let Af C A4 be an inclusion of finite von Neumann algebras, and E^ 
be the normal r -preserving conditional expectation of AA onto Af . Suppose for a E A, 
7~bp a is the correspondence of Af associated to a normal completely positive map ip a 
from Af to Af. Then Ind$(© ae A7i^J = ® a eAH<p a oE M - 

Lemma 5.4. If Af C AA is an inclusion of finite von Neumann algebras and TC is a 
Co -correspondence of Af, then Ind^(W) is a Co- correspondence of AA. 

Proof. Let E^ be the r-preserving normal conditional expectation of AA onto Af . 
Suppose 7i = ® ol( z\'H l p a such that T Va is a compact operator in B(L 2 (Af,r)). By 
Lemma I5"T21 and Lemma we have that Indj^(® aeA 'H Va ) — © ae A^Vc« oE Ar- Since 
T^oEx = T Va e^, the operator T VaoEM is a compact operator in B(L 2 (M,t)). So 
lnd^f(H) is a Co-correspondence of AA. □ 
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Proof of Theorem \5.1\ Let TC be a Co-correspondence of M that weakly contains 
the identity correspondence L 2 (Af,r) of Af. By Lemma [5.4} Indjy(W) is a Co- 
correspondence of M.. Note that L 2 (Af,r) -< 7i. By the continuity of induction 
operation (see Proposition 2.2.1 of [Polj ). we see that 

Since M C M. is an amenable inclusion, we have 

L 2 (M,r) ^H H = Ind^(L 2 (AT,r)). 
By the transitivity of -< we obtain 

L 2 (M,t) -<Ind#(W). 



By Theorem 14.51 .M has Haagerup's approximation property. □ 
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